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Abstract 

In this paper, we mainly discuss a priori bounds of the following degenerate elliptic equa- 
tion, 

a j (x)d ij u + b i (x)d i u + f(x,u) = 0, infiCCfl", (0.1) 

where a 13 dicf>dj(f> — on dtt, 4> is the defining function of dtt. Imposing suitable conditions on 
the coefficients and f(x, u), one can get the L°°-estimates of (|0.1[) via blow up method. 
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1 Introduction 

In the study of the existence and regularity of the elliptic equations, a priori estimates play 
an important role at least as far as Schaudcr's work in 1930s. For the uniformly linear elliptic 
equations, one can get the L°°— estimates using the barrier function. But for non- linear elliptic 
equations, this method fails. In [B], the authors use a scaling argument reminiscent to that used in 
the theory of Minimal Surfaces to get the a priori estimates for some uniformly semi-linear elliptic 
equations. This inspires us to consider the degenerate case. We mainly consider a priori bounds 
of the following degenerate elliptic equation which arises from the study of isometric embedding, 

a ll {x)d l3 u + b\x)d t u + f(x,u) = 0, in tt CC R n . (1.1) 

Let 4> G C 2 be the defining function of dtt, namely, 

<t>\dn = 0, Vcf>\ d n + 0, (j) > in O n N{dtt) (1.2) 

where AT (dtt) is a neighborhood of dtt. Also, suppose that 

a ij di <j)dj <p = 0, V (a ij d, 4>d 3 </>) ^ on dtt g C 2 (1.3) 

and that for the eigenvalues of {a 2 - 7 } Ai,..., A„, there hold, for some constant Co, 

Ai, A„_i > c > 0, A„ = m(x)(j>, < m(x) e C(tt). (1.4) 

Theorem 1.1. Let (Tj~2"j) . (fOJ) and jttty be fulfilled. Suppose that < u G C 2 (tt) n L°°{tt) solves 
(Tl~T|) and that a ij G C 2 (tt),b l G C^O) and f(x,t) G C(tt x [0,oo)) 

lim — ' - = h(x), uniformly for some 1 < a < — — — — , (1-5) 

t->oo t a n + 2a — 3 
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where < h(x) G C(fi), 



h'iho i),a' J i),Q h = ' \ U ' i), ° i> '"' J ' ) -° > I ^fe = ^ n fi N 

T/ien follows that 

\u\l°° < C /or some constant C independent of u. (1-7) 

Remark 1.1. Define 

b l d t (j) - dja ij di(j) (.•„,„, n 

d k a l W l cj)d j (l)(f) k 

The invariance of g(x) is proved in J^j. The numerator of g(x) is the well-know Fichera number. 
The concept of Fichera number is very important when we deal with degenerate elliptic problems 
with boundary characteristic degenerate. It indicates whether we shall impose boundary condition 
in such case. This fact was first observed by M. V.Keldys in ilOf and developed by Fichera in f2, 31. 
The Fichera number also affects the regularities of the solutions up to the boundary, see jTjj. For 
more details of Fichera number, refer to \1V§ . 

For dimension n = 2, Theorem 11.11 was proved in The main difficulties arise from the 
degeneracy on the boundary and no boundary condition. In [9] , we establish regularity results up 
to the boundary to overcome the difficulties. The method used in [5] can't improve the regularity 
for n > 3. We use De Giorgi-Moser method to get the Holder regularity on the boundary. It should 
be emphasized that we didn't get the uniform Holder regularity in Ct but on dCl. 

Also when we consider one of the blow up equation, 

yu yy + au v + A x u + u a = in i?" , u G L^ c (i?^). (1.8) 

During the process of blow up, we know that we can only expect L°°-regularity of blow up solution 
u in (|1.8[) . As the Liouville type theorem in [3] was obtained under the assumption u S C 2 (i?™). 
Thus we must improve the regularity up to the boundary for (|1.8[) . By carefully deal with the 
boundary and the energy inequality, we improved the regularity Hence, we must have the following 
two theorem to overcome the difficulties. 

Theorem 1.2. Let (TO) . (TOT) and (fOl) be fulfilled. Moreover, g{x) > on the boundary dtt 
which is defined in Remark Suppose that < u G C 2 (n) n L°°(tt) solves (JTTTJ) and that 

a** £ C 2 (n),b l G C^O) and f(x,t) G (7(0 x [0,oo)). Then: 

\u(x) - u(y)\ < C\x-yf,Mx G fl,y G dfl, for some j3 G (0,1), (1.9) 
where C,f3 depends only on |u|oo, la^lc 2 ! I^lc 1 ! I<9^lc 2 i |/|c° and n. 
Theorem 1.3. Let u > solves (TO) with a > |,a > 1. Then u G C 2 (Wl). 

The present paper organizes as the following. In Section 2, by the De Giorgi-Moser method 
we get the Holder regularity on the boundary of (|1.4[) . In Section 3, the utility of energy integral 
helps us improve the regularity. In Section 4, we prove Theorem ll.il via the blow up method. 



2 C a regularity on the boundary 

This section is devoted to the proof of Theorem 1 1.2 1 The proof is based on the De Giorgi-Moser 
method. We first derive a weightcd-Sobolcv inequality for later use. Denote by W 1,2 (G) where 
G C i?" = {(xi, ...x n ) G R n \x n > 0} the completion of all the functions u G C 1 (G) under the 
following norm 

( / (x n (d n u) 2 + |V x m| 2 + u 2 )dx} 2 . 



■i 



Lemma 2.1. (l)For all u <G W 1,2 (G) with u = on dG n i?" there is a universal constant C 
independent of G such that 



. 2(n+l) 



u\^^dx) < C / {x n {d n uY+ \V x >u\ 2 )dx. (2.1) 

G J J G 

(2) With Gi — {0 < x n < 1, \x'\ < 1} for any e > 4/iere exists a constant C e such that 

u 2 dx<C e [ {x n (d n u) 2 + \\7 x ,u\ 2 )dx (2.2) 



'Gi JGi 

for all u g C 1 (Gi) subject to \{x e Gi|u(x) = 0}| > e. 

Proof. The proof for the present lemma is based on the raising dimension argument. Define a 
transformation 

T. G 3 (x', x„) — > (x', 2V^) = (a/, J/) G T(G) 

Let G C iJ£ and it g T^ X,2 (G). Lift T(G) ini?" +1 by such a way T(G) = {(x',y,z) g i?" +1 |(x',y) g 
T(G),0 < z < y}. Then 

1 /■ 1 

-it ip 



and 



(x n (d n u) 2 + \V x ,u\ 2 )dx = - j[ \V x ,, y {u o T~ 1 )\ 2 ydx'dy = -\\V(u o T^)^^ (2.4) 

where V = (S/ X ',d y ,d z ) is the gradient in R n+1 . Now let us deal with the first inequality of Lemma 
ED It suffices to prove flU]) is valid for all u g C 1 {G). Let it g G 1 (G) with u = at dG n iZ£. 
Set u = u as (x', x„) g G and u — as (x', x„) € i?" \G, 



P( U oT- 1 )(x',y,z) = 



uoT 1 (x',y 7 z) in T(G) 

m o T _1 (x', z, y) as z > y > 0. 



Then we can extend P{uoT - 1 ) to by symmetric extension first with respect to the plan y = 

and then to the plan z = 0. Obviously P(u o T _1 ) g H 1 {R n+1 ) ^ L«(i? ,l+1 ) where g = ^rp-. 
Therefore by (|2.3[) , (|2.4[) and the standard Sobolev embedding theorem it turns out 



2(n + l) \ "+1 Iff , atg+lj , \ " + 1 

"^dxj = -f / |P(uoT- 1 )|-^d!B / dtfd»J 

< ciivcpCuot- 1 ))!!^^) 

= 8G / iviPfiior 1 ))! 2 ^'^ 

JT(G) 

= 16G / (x„(a„w) 2 + \V x ,u\ 2 )dx 

JG 

for some universal constant G independent of ix. 

Now let us deal with (|2.2p which corresponds to the Poincare inequality. Suppose that u g 
C^Gi) where G x = {0 < x„ < 1, |x'| 2 < 1}, subject to |{(x',x„) g Gi|m(x',x„) = 0}| > e > 0. 

Then |{(x',y,z) g T(Gi)|(« o T _1 )(x', y, z) = 0}| > e/C for some unversal constant G. Hence 
using the well-known Poincare inequality we can get 



G 



u\ 2 dx 



i / luoT^fdx'dydz 
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< C e [ \V(uoT- l )\ 2 dx'dydz 
= 2C t [ (x n {d n u) 2 + \X7 x ,u\ 2 )dx 

JGi 



for some constant C e depending only on e. This completes the proof for the present lemma. □ 



Set Gr(xo) = {\xi — (xo)i\ < \/R,i = 1, ...,n — 1,0 < x n < R} for xq = (x' ,0). Sometimes, if 
no confusion occurs, simply write Gr. 
Consider 

f JSf (v) = i ),-,,■ '<),,■) + Vd jV = / G L°° in G R 
[v = ondG R C\{x n > 0} 

The coefficients satisfy that 

(a ij ) nx „ > 0, (a 4i )„_i xn _i > XI for some constant A > 0, a m = x n b m , with b nn > 0. (2.6) 
Moreover, we assume 

a lj G C 2 (RJ), b"\ V G C^Rj), b n >0 (2.7) 

Lemma 2.2. If the assumptions in (|2.6p and (|2.7p are satisfied. Then (|2.5[) admits a solution 
v G H 1 (Gr) H W,^' (Gjj), V7 G [2, oo), moreover, there exists Rq, such that for VR € (0, i?o); if * s 
valid that 

Moo < C|/|oo-Rj / or some universal constant C. 

Proof. First we shall compute the sign-invariable D which is Fichera number like refer to [7] on 
x n = where <p(x) = x n : 



U ,„ ,„ o .„ 1, 

2 ( 



L> = b l d l( t> + ^dka^d^d^dk^V^- 2 = b n + ^b nn > 



From [7J, one can get the existence of a solution v such that w G H 1 (Gr). And by the non- 
degeneracy in the interior of Gr, v G (Gtr) follows immediately. Set v = (v—k) + . Multiplying 
both sides of (|2.5|) by — v and integrating them on Gr n {a;„ > e}, one can see that 



fv 

n-l 



-J 

/ a jn vdjv+ [ a ij divdjV - V] f 

JG R n{x n =e} JG K n{i„>f) j JGsnji,,^} 

2 JG B n{i„=e} ^ iG B n{i„>e) 



6 j a 



rr 



> ex I (x n \d„vr + \V x 'v\ z )-c 2 v* + a^vdjv (2.8) 

JG fi n{i„>e} JG R n(i„>(} JG B n{i„=e) 

In getting the last inequality, we have used b n > and 

a ij &£j > co(x n C + l£'| 2 ), if R is sma11 enough (2.9) 
Claim: we can choose suitable e& — > such that 



G R n{x n =e k } 



a jn vdjV -> 0. 
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As v £ L 2 (Gh), without loss of generality we may assume that 

v 2 < c (2.10) 

G H n(i„=o) 
Then 

f x " 

v(x ,x n ) = / d„v(x , s)ds + v(x' , 0) 
Jo 

=S> \\v(x',x n )\\ L 2 {GRn{Xn=t}) < c(\\d n v\\ L 2 {GR) + \\v(x\0)\\ L 2 {GRn{Xn=0}) ) (2.11) 

By now, we have proved that v is uniformly integrable on each x n — section of Gr. If Ve > 0, 
3cq > such that 

e\d 3 v\ 2 > c 



IGr Jo x n 

which is a contradiction. This means 3e k —> such that 



[ \djv\ 2 > [ —dx n = oo (2.12) 

JGe Jo x n 



J 3 

C\{x n =e} 

R 



e k \djv\ 2 -> (2.13) 

G R n{x n =e k } 



Combining (|2.1ip with (|2.13[) . one can get 



G R n{x„=e k } 



a jn vdjV 



< ceM / e k \d 3 v\ 2 dx' / \v\ 2 dx' -> (2.14) 

\JG R n{x n =e k } J \JG R D{x n =e k } J 



Thus, the claim is proved. This allows us to take e = such that (|2.8p remains true with the last 
term vanished. It follows that 

t x n \d n v\ 2 + |V^«| 2 < c [ \f\v+\v\ 2 . (2.15) 

Gr J Gr 

By Lemma \TA] and inequality (|2.15[) . we see 

i-i 



^ r (x n \d n v\ 2 + \V x ,v\ 2 ) 

G R / JG R 



f f »(«+!) \ "+ 1 2 / f 2(„ + l) \ "(" + !) „ + 3 

< \A(k)\— + i/ioo fy iA(fc)|wi) 

where A k = {x g G^|w > fc}. This implies that 

(/,-fc) 2 |^)l^ <c|/|L|A(fc)|^ (2.16) 

1^)1 < C "" 1|/ ' a( "„" + 1 1) \A(k)\^ (2.17) 
(h-k)^^ 

if we take k > ko such that c|A(A;o)|™+ T < \. By Proposition 5.1 in [@],P79], it follows that 

\A(k + d)\ = 0, d = v^l/UKM^ (2-18) 
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This results that 



sup v + < fc + d < k + C\f\ooR 
g r 



It remains to estimate kg. From fc 2 |A(fc)| < 



,+ l|2 



li 2 (G R ) 



one can deduce that 



(2.19) 



,+ l|2. 



c\A(k)\^rr < c 



li 2 (G H ) 



A- 2 



<\$k>k = (4c) s P\\v + \\ L > l G H ) 



(2.20) 



Hence, 



sup V + < C\\v+\\ L 2 {GR) +c\f\ L ~R 

G R 

< cR^swp v + + c\f\L°°R 

Gr 

If we choose R small enough such that cR~z~ < |, the present lemma follows immediately from 
the last inequality. □ 

Lemma 2.3. Let the assumptions in Lemma Wl^ be fulfilled and let v € H 1 (Gi) n W^ c (Gi),\/l G 
[2,oo). Moreover, v satisfies 5£(v) > in G\. Then 



Gqr \Gr\ JGr 

Proof. Let tp(x) € C™(G R U {x„ = 0}) be the cutoff function. Then 



(2.21) 







Gin{x„>e} 



Gin{x„>e} 



<p 2 a ij d i v + d j v + + 2 cp(p ia ij v+ djv + + 



Gin{x„>£} 



Gin{i„=e} 



<p 2 a m v+d l v + 



+ 



If ^(« + ) a -E/ 



Gin{z„>e} 



^ 2 d„&>+) 2 + 



Gin{a:„>e} 



<p 2 b j V + djV + 

w „6>+) 2 



(2.22) 



Following the same arguments as in Lemma [2~2l we can select a suitable — > such that the first 
boundary integral term f Gin r x =C( j <p 2 a m v + diV — > as €k — > 0. Noting 6" > 0, one can get (|2.22p 
implies that 



x n \ipd Xn v+\ 2 + \<pV x ,v + \ 2 dx < c I (x n \d n tp\ 2 + \V x >ip{ 2 + tp 2 + \d n cp\)(v + ) 2 dx 



Combining the above inequality with Lemma 12. 11 we get 



2("+l) 



(ipv ) dx 



Gi 



x+l 



< Ci / {x n \d nV \ 2 + |V X ^| 2 + <^ 2 + |SW V j|)(w + ) 2 da: (2.23) 

JGi 



For any G (0, 1), we construct 7^) G C°°(— 00, 1) with 7 = 1 as £ < 6 and |Y| < c/(l - 6) as 
|f|>0, 7 (l)=O. Set 



Pk 



n+1 
ra- 1 



7fc = 



1 - ( 

~2*" 



fc = 0,1,2,... 
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From the fact that jSf(u+) > =S> Jz?((u+) Pt ) > 0, substituting 99 and ij+ in fUg) by v? fe and 
(v + ) Pk respectively, we can obtain with Gk = Gg k n, fk\G k +i = 1> 

Therefor, 



lt; + l 2 



~ (1 - 6») E ^i? E ^ V^g r ' J Jg r 

(2.24) 

This proves the present lemma. □ 



Lemma 2.4. Let the assumptions in Lemrna [27B be fulfilled and let v £ W^ c (Gu) n L°°(Gii),Vl £ 



loc\ 

[2,oo) solves (|2.5[) . Then for R suitable small, one can have v £ W 1 (Gr). 
Proof. Set r) e {x n ) G C°°(i?+) that 

^ = {°' 0< *; <e ^ 

[1, x„ > 2e, 

with I ^D- 7 77 e I < Cjt~i for x„ £ (e,2e). Multiplying (|2.5[) by ry e u and integrating by parts, one can 
get 

2 /" ri^divdjV = J(d n r, e d 3 a n 3 - Ve djb> - d nVe b n )v 2 + J a nn d 2 Ve v 2 - 2 / ry e / W (2.26) 
We can choose R suitable small such that 

^d.vd.v > c / ^flV^I 2 + x n \d n v\ 2 ) (2.27) 



Selecting one term on the right side of (|2.26[) to estimate, one can get 



J a nn d 2 Ve v 2 


<c\v\le->£ 







2e 



x n dx n < C (2.28) 

Hence, it's easy to see that the right side of (|2.26[) is bounded uniformly independent of e. Passing 
e — >• 0, one can prove the present lemma. □ 

With the above lemmas, we can proceed to prove Theorem II .21 
The proof for Theorem Ol 

Fixing xq £ dQ, without loss of generality, one can assume 

d Xi (f>(xo) =0,i=l, n - 1, d Xn 4>(x Q ) = 1. 

Set Si = Xi, i = 1, n — 1, s„ = .., x n ),\/x £ B$(xo) n fi for some small <5 > 0. In the new 

coordinates, ([l.ip transforms to 

di(a ij d jU ) + (b l - 3 -5 y )$u + /(*, u) = in i?" n ?7(s(x )) (2.29) 
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where 

g« = a ij ,i,j = 1, n - 1, 5 m = - ( "<V, o. i = 1, ...n - 1, a nn = a'H oO, o. 

W = b\i = 1, ...n - 1, b n = b l d x ^ + a ij d XiXj <f>, 6* = ¥ - i),u J .0, = d Si (2.30) 

and U(s(xq)) is some neighborhood of s(xq), simply denoted by U. We now consider (|2.29l) in 
G R d U for i? g (0,i? ] small. From (JOJ) and ([111), we can see (a ij ')i,j< n _i > A/, a m (s',0) = 
0, i = 1..., n. Noting the condition > on the boundary and ^>(s) = s„, one can get 



< 



dka 11 di(j>dj(j)(j) k d n a n 



By dHU) and (gUDJ) , it is easy to see d n a nn = d n (a %:1 d Xi c/)d X] (j>) > on s„ = and b n = b n -dja nj > 
noting a m (s' , 0) = 0, i = l...,n. All the assumptions in Lemma |2~21 are fulfilled, one can get that 
there exists v g H X {G R ) n satisfies 



di{a ij djv) + b l diV + f(s, u) = 0mG R 
v = on <9G fl n {s n > 0} 



(2.31) 



such that Moo < Ci?. Set u = it — u. Then u satisfies 



M{u) = diia^dju) + b i d l u = in G R 
u = u on <9G_r n {s„ > 0} 



(2.32) 



Set M(R) = sup G it and m(R) = infc n U and Osc u = M{R) — m{R). There are two cases to 

Gr 

distinguish 



and 



Casel: | { , g G R \ W = ^ > 1)1 > \\G R \ 

Case 2: | {s g G R \ W = > 1}| > \\G R \ 



Without loss of generality, we can assume Case 1 is valid. It is easy to see that 

3£{w) = in G R and < w < 2 



(2.33) 
(2.34) 

(2.35) 



Let if g C™(G R U {x n = 0}) with tp = 1 in Ge lfi and </> = in G R \G 02R for < 0i < 6 2 < 1. 

For any e > 0, 







G H n{ s „>i) + e 



1 



>G R n{s n >t} 

n-l 



In 



1 



u> + e 



- 1 M{w) 



In ■ 



1 



E 



G R n{s„>t} 



(^ 2 (1 - w-e)+b l 



w + e 
1 



G R n{s„>t} 



In- 



1 



~ 2 



Gj?n{s„>t} 



In- 



1 



w + e 



In 

w + e 
(1-w- e)+ 
1 



G H n{s„>t} 



2^j(l - w — e) + a tj 



In 



1 



to + e 



1 



- 1 ) h^djw 



In 



w + e 



J J 
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lim / &> 2 

t->o JG H n{s„=t} 



In 



1 



C 



G R n{s„>t} 



w + e 
C S \G R \ 



(1-w- e)~ 



(6 2 -9 1 ) 2 R R 



G R n{s n >t} 



In 



1 



w + e 



The boundary term lim _ t j ip 2 a lJ ^^q^ — 1^ = follows from Lemma |2. 4 



v 6 H\G R ),ue W 1 > 2 {G R ) W 1 ' 2 (G R ) 

|2 ^ rr Tf 1™ f ^2 |Q..,,|2 



This implies that J Gr s n \djw\ 2 < Cr. If lim J Gnn ^ s =t y s n\9jw\ 2 > c > 0, one can get 



s„\djw\ > / c/s n ds„ = oo 
Gr Jo 



which is a contradiction. Hence, for fixed e > 0, 

lim / ip 2 i ij (— djW < C R e lim ( / 

t->oJG R n{s„=t} \ w + e / t-yo \Jg 

Therefor, from (|235)) and 6" > 0, 



G R n{s n =t} 



= 



9 n In 



1 



W + e 



V.. In 



1 



it; + e 



< c/ ( Sn ^ n + |v s ^| 2 ) + CsIGr1 



< 



G R 

Cs\G r \ 



(02-di) 2 R R Jgb 2 r 



In 



1 



w + e 







j Q 









for some constant C independent of e. In view of Case 1 it follows 

1 



{(*,*) GG fll fl| In 



w + e 



0} 



Hence Lemma 1231 implies 



CR 



In ■ 



1 



w + e 



d s „ In 



1 



w + e 



Vv In 



1 



w + e 



C S \G R \ 

- {e 2 -e 1 ) 2+cs 



In 



1 



w + e 



Set 5 = ^. Then 







2 




fin 1 V 











(l-^i) 2 



(2.36) 



(2.37) 



(2.38) 



(2.39) 



(2.40) 



(2.41) 
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As M(w + e) = => &((\n ^) + ) > 0, by Lemma 



sup ( In 

Gun \ w + e 



< C e 



1 



\ G R\ Jg r 

for some constant independent of e. Therefore 



In 



1 



w + e 



2\ 2 



< Co 



inf (w + e) > e~°' 2 Ve > 

Gen. 

and by the definition of w we have 

m(0R) - m(R) > 7 ;{M(R) - m{R)) 
Adding M(6R) — m(8R) to the above inequality and rearranging again soon yield 



(2.42) 



Osc u < (1 - -^)Osc u for all R € (0, R ] 

Gen G Gfi 

for some constant C independent of e. From a standard argument it turns out 

Osc u < C(—) P Osc u for all < p < R 

G p R Gr 

for some constant /? < 1 under control. This implies that 

Osc u < ci(^) 13 + c 2 R < cp^V 



(2.43) 



if we set p = R ? . This proves Theorem 11.2 



3 Higher regularities to the boundary for a specific equation 

As one can see, we have proved C a estimates on the boundary for a general form of the 
degenerate elliptic equations. But for a special form of the degenerate elliptic equation, we will 
have more regularities which are also needed for our later analysis. At first, we shall give some 
notations and results about the regularity of solutions to some degenerate elliptic equations due 
to 0. 

Define I q (v) and Ip{v) by: 
!qi v ) = \\ydvv v \\L«(m) + HAf-uHia^) + lly^Ai^Hi,^) + K|| L *(ii") + \M l^r-;) , (3.1) 



If)(v) = [ydyyV]^^ + [Afu]^^ + [yzMVy]^^ + [Vy\cP(Rj) + |MU~(H!p> (3.2) 

where Ai is a singular integral operator with the symbol c(Ai) = |£|. Also we say a function 
v(x,y) in C a (Rf), a G R\\Z, if 



\C°>(rJ) 



E \* 



l/3|<[ 



where 



Mc"(*?) = E 



sup 



m=[a] y>o,x^xeR" 



\DPv(x,y)-DPv{x,y)\ 



\x — x\ 



(3.3) 



(3.4) 
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Set 

#i(im,0 = vi(l^l 2 y)^(iei 2 s)(kl 2 s ) Q - 1 x ( ,, + oo)(s) 
£ a (i/,*,f) - ^(l^yMG^sXKlV"^^) 

(*) = ^/a-i(2\/t),9? 2 (t) =^if„-i(2\/t), (3.5) 
where I a -\(t), K a -i(t) satisfy the equation 

t 2 w tt + tw t - {{a - if + t 2 )w = 
Define an operator K as the following: 

K(f)(x,y)= / K(y,s,-)*f(s,-)ds (3.6) 
Jo 

Suppose / £ L p (i?™) has compact support in i?" and a > |, we will have 

#(/) -> as (x,y) -> oo, moreover, J„(Jif(/)) < C||/|| l*,P > 2 (3.7) 

The proof of (|3.7|) is due to [8]. See Theorem 1.2, Lemma 5.2 and Lemma 5.3 in [8]. Also we list 
some other lemmas in [5] for later use. 

Let tp £ C^°(R r f) be a cutoff function with tp(x,y) = 1 as |x| < 1/2, j/ < 1/2 and ?/> = as 
M > 1 or \y\ > 1. Set ^(x,tf) = ^(f , 

Lemma 3.1. (Lemma 5.4 in JSj) Suppose that u £ C 2 (R r f) f] L p (R^) with u x ,yu y £ L p (R r f) 
satisfies 



L(u) = yuyy + a.ijU XiX] + y ^ 0,1%^ + 2J ^i 1 "^ + bu v = /> * n 



(3.8) 



where aij,aj,bj,b are all in C(i?™) tuztft. ay(0) = <5y , 6(0) > |, / € L°°(i?™) and that for some 
e > 0, 

lim yH0)-i-« u (a; 5 y ) = o uniformly for all x £ R n ~ l . (3.9) 

j/->0 

TTien /or sufficiently large p, there are r = r{p) > such that 

I P (M < C r , (3.10) 

for some constant depending only on p, \\ip2rf\\Lp, WipiruW lp , W^tUxIIlp and \\y'4 , 2rUy \\lp provided 
that p > n or p > f and 6(0) - 2 — e > 0. 

Lemma 3.2. (Lemma 5.5 in J^) Suppose that w,d x w,yd y w £ C^ oc {R r f)f]C 2 {R\) with a £ R\\Z 
and w satisfies VS. 8\) . where aij,a,j,bj,b, f are all in Cfo c (R+) with ajj(0) = oV,,6(0) > |. Then 

I a (ip r w) < C, (3.11) 
for some positive constants r and C , depending on a, \1p2rf\a, \ip2rw\ a , \ip2rd x w\ a and \yip2rd y w\ a . 
Denote by W* ,P (C/) the completion of the space of all the functions u in C 1 (f7) under the norm 

[J y pa \Du\ p dxdy + J y pa \u\ p dxd y y . 

Here we always assume U C i?" , bounded and dU n {y — 0} nonempty. 
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Lemma 3.3. (Lemma 8.3 in ]3j Appendix B) Let U £ C 1 be bounded domain and let a £ (0, 1), 
p > 1/(1 — a). Then the following maps are continuous 

Wl' p (U) ^ C f3 (U) where /3 = 1 - a - -, if p > , - , , (3.12) 

P (1 - ") 

Wt P (U) ^ Li(U) where q < ^— - , i/p < (3.13) 

n — (1 — ajp (1 — a) 

Denote by W^ 2 ' P (i?™) the completion of the space of all the functions u £ C^°(i?" ) under the 



norm I p (u). 

Lemma 3.4. If u £ L~ c (iJ") is a nonnegative solution of (|1.8[) wii/i a > |,a > 1, we must have 

V 



3 
2 



Proof. By the similar arguments as we did in Lemma 12.41 one can see that u £ W^i^). Let 
ip(x,y) £ C£°(i2™) be a cutoff function and tp r (x,y) = "0(^? f)- Set u r = Vvw. Then u r satisfies 
that 

yd yy u r + adyU r + A x u r (3-14) 
= 2ydyip r d y u + adyip r u + 2V x VvV i" + yd yy ip r u + A x ip r u — ip r u a = f (3.15) 

Set v = K(f) where K(f) is defined in (|3.6D . As f £ L 2 (i?™) with compact support, it is valid 
that l2(v) < C by (|3.7[) . It follows that for w ~ u r — v, there holds 

2/<^iu + a^to + A x w = in (3.16) 

Multiplying the above equation by —^ R w and integrating by parts, one can see 

(y^ R (dyw) 2 + ^ R \V x w\ 2 ) + ^ / V> 2 

ft2 _1 X{l/>e} Z JR"~ 1 x{y=€} 

eip R wdyW - 2 / ytp R wdyip R dyW 

R^- 1 x{y=e} JiiS _1 x{j/>e} 



< 



(a - 1) / dyil) R tj) R w -2 1 V x ipR ■ VxW^rw 

fl2 _1 X{j/>e} J_RS _1 x{i;>e} 

eip R wd y w + - yip R (d v w) 2 

^IIV^I 2 + ^ / (3.17) 



2 ./i?^ 1 x{ a >e} J_R + 



The remaining thing is to prove 



lim / eipRwdyW = (3.18) 



Without loss of generality, it can be assumed that ||f(a:, 0)|| i2 fRn-i\ < c. Hence, 

v(x,y) = / dyVdt + v[x, 0) 
Jo 

^ IK^IIz,^- 1 ) < cVeHIU^ij") + 2||u(aj, 0)11^(^-1) (3.19) 
Noting |u r |oo < c, one can get 

/ i^RW 2 < c independent of e (3.20) 

Ji?.;- 1 x{y= e } 
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Also, as yzdyW G L 2 (K'J: 1 x (0, 1)), it follows from the same arguments in Lemma \2. 5 1 that 

lim / e 2 ip^\d y w\ 2 = (3.21) 

£-►0 J R r 1 x{y=e} 

Combining (|3.20[) with (|3.21[) . one can see (|3.18[) is valid. Choosing a suitable subsequence of 
(- k -> in ([3~T7)1 yields that 

/ vtf R {dyW? + ^VM*<% I ^ (3-22) 

Passing R — > oo in (|3.22[) . one can get D x>y w = which means w =const. From the compact 
support of u r and the asymptotic property of v, w must vanish in R%_. This completes the proof 
of the present lemma. □ 

With the aid of Lemma 13.41 we can now prove Theorem 11.31 

The proof for Theorem 11.31 by Lemma 13.41 Lemma 12.11 and Sobolev embedding theorem, one 
can get 

yd y u r G H x {RX),y x u r G W^ 2 {RX) ^ yd y u r ,V x u r G L e (Rl),0= 2 ^ + ^ (3.23) 

Set v = K(f). It follows from (|3"7T|) that v G W 2 ' 2 {RD n W 2 ' 6 (i?!J:). By the same arguments as 
in Lemma E31 we can get u r = v G Pf 2 ' 2 (i?^) n Vf 2 ' e (i?J) with V^t r G ^'"(i?^). Again, by 
Lemma 13.31 and Sobolev embedding theorem, it yields that 

yd y u r ,V x u r G L^{R n + ),d y u r G L e (i?™) 
Set #fc = ng 9~ 1 1 , $o = Repeating the above arguments, one can get 

n ?fl 

yd v u r ,V x u r G L efc (i?!^),a yMr G L e »-i(Rl),k = 1,2... 
Choosing fc so large such that (9^ > 2n, we must have 

veW 2 ' 2 {R n + )nW 2 - ek (Rl),yd y u r ,V x u r ,u r G C"(^),7= J - ^ 

Now we can apply Lemma 13.21 to u r , we can get 7 7 (u r ) < C. This means 

ydyUr, Afu r ,y5 d y Aiu r ,d y u r G C 7 ^). 
Applying Lemma l3~2l to Aiit r yields that I 7 (Aiu r ) < C, or 

yd^Aw^Alu^dyAw^y^dyAlur G C 7 (i?^). 
Applying Lemma 13.21 to <9 y u r again, one can get 

yd^U^AldyU^d^Ur^^dyA^r G C 7 (i?™). 

This implies that u r G C 2 (i?+). Now we have finished the proof of Theorem 11.31 

Remark 3.1. As we already know u G C 2 (i?™) 7 by the maximum principle in JI7J/, we have u > 
G C 2 (i?™). Proceeding the above arguments and by induction, we can get u G C°°(R+). 
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4 The proof of a priori bounds 

Before proving the main theorem, we introduce two Liouville type lemmas concerning the 
semi-linear elliptic equations. 

Lemma 4.1. Let u> be a C 2 solution of 

Am + u a = in R n . 

Then u = 0, for 1 < a < 2+§. 

For the proof of Lemma 14.11 we refer to [5] and [T| . Another Lemma concerns the degenerate 
case. 

Lemma 4.2. Let u(x,y) > be a C 2 (i?™) solution of 

yuyy + au y + Au + u a = in i?" 
with a > 1. Then u = for 1< a < n + 2a+ l . 

This lemma was proved in author's another paper [5]. 

With all the above preparations, we are now in a position to prove Theorem 11.11 We shall 
use the blow up method to prove Theorem 11.11 If Theorem 11.11 is not valid, we may assume 
\u k \oa = Mfc — » oo as k — > oo. Hence one can choose Pk & ft such that u(Pk) > ^| t . There are two 
cases we shall distinguish with. 

Case 1. d(Pk,d£l) > 5 > 0. This is the non-degenerate case and it is easy to deal with. In fact 
the final blow-up function satisfies 

Au + u a = in R n ,u(0) > - 

By Lemma T4. 11 we get a contradiction. For details, we refer to [5] and [9]. 

Case 2. d(Pk,dCl) —> as k — s- oo. lim Pk = P G Without loss of generality, we may 

h— f oo 

assume di4>(P) = 0, i = 1, n— 1, ^ and P to be the origin. Let s» = a;j,« = 1, .., n— 1, s n = 
4>{x\, ...,x n ) in P>s(0) (~1 fi. Equation ()1.1[) can be transformed to 

,/'•' (V/ ? ' + ~b l d iU k + f(s, u k ) = in B S ,(Q) n {s„ > 0}. (4.1) 

The coefficients are defined the same as in (|2.30p . Set 

xf'Mk = l, Pi = fi— = i,... n - l,p n = Sn ~ Sn \ v k (p) = Xf'u'is) 

p fc 

Then v k should satisfy, in H k = B s > (0) n {p n > - s f-} 

k 



«=i «,j=i 
+ ^\lb%v k + b n a n v k + \f*f(p,\t' s=I v h ) = (4.2) 



Then we will have the following lemma. 
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Lemma 4.3. In the region H k considered, one has 



(a ij ) > c /, for 1 < i,j < n- l,c > 



5*" = A l »A fe (p„ + -f-) /or » = 1, n 



(4.3) 
(4.4) 



where 



A m {p) g C 1 ^),^"^',-^) > 

Ait 



> o'P = (Pi) ->Pn-l)- (4-5) 



Proof. Noting a nn = a y di<j)dj<j) — on {s„ = 0}, we get 



a nn (s) 



1 d{a lj d l 4>d 3 4>){s' ,ts r 
dt 



dt = s n d Sn (a l: >d l (j)d j cj))(s' ,ts n )dt 



A nn X k (p n + -f-), where A" 



d en (<j j d i <l>d j <l>){l',ts n )dt. (4.6) 



From l[L"5|) . we see that V(a nn ) ^ on {s„ = 0} which implies that d Sn a nn (s',0) > or 
A nn (p', — s ^-) > in the region considered. The C 1 property of A nn follows from the C 2 property 
of a IJ , (j> immediately. The last term in (|4.5p follows from (|1.6[) . 



□ 



By Lemma 1431 (|4.2[) changes to 
A nn ( Pn + S -^)d 2 n v k + 



n— 1 Ti — 1 

2 ^ Af A in (p„ + '^-)d m v k + a ij dijV k 
i=i k i,j=i 

n-l 

53 Aj^^ fe + b n d n v k + \f*f{p, X k ~v k ) = 



(4.7) 



We must take care of the limit of 



Case 2.1 : V- -> oo. Set % = pi,g n = 2Wp„ + s^A^ 1 - 2Ws„ fc A^-Then with v fe (0) > § 



n-l 



fc 

n-l 



2„,fc 



2 ^ A m {Xlq n + V Sn fe )5i„« fc + 53 o' 1 

»=1 »ij=l 
Jzi i _ 9ft™ -s !— 

53 Aj&'fcu* + — : d n v k + A"- 1 f(q, X k - 1 v k ) = 0, in J k (4.8) 



9n + 



where 



A 1 



It is necessary to show Jfc can be chosen arbitrary large as k — > oo. Since p G it follows that 

2 



9n / Sri" 




As 



< 



s'2 



4A S 



I / 12 i 2 m . »n 



5' / Sn & 

q n < — -j== noting that q n > —2\ . 

V Afc 



(4.9) 
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From s^ k —> and 



As 



oo, one can get 



Since 



4Ai 



4^max 2 





'|2 



, lu — > oo as k — > 



4max 




(4.10) 



(4.11) 



we can take Jk = Bi k (0) n {q„ > — 2y ^~}- For any fixed i? > 0, 3fc^, for k > kn, one has 
B R (0) C J fc . Hence, flO) is valid in B R {0) for k > k R . As A/ < {a ij } < AI and s£ fc , A fc -> 0, 
is uniformly elliptic in Br(0). Noting 



1Mb 



feO 1 00(5^(0)) + 



26" 



+ l^fc 1 filA a - 1 v k )\oo < C independent of k, 



C°(B R (o)) 



by standard elliptic equation theorem, one can get ||i' fc ||w 2 p(BH(o)) < C Ifo llgi^ nwo) ) — ^ 



uniformly, with = 1 — ^. Thus, passing k — > oo, we get the limit equation 

„ , n . 1 ?i + 2a + 1 n + 2 

Av + v a = in i? n ,v(0) > -, a < —- —- < —— 
y ' ~ 2 ' n + 2a - 3 n - 2 



(4.12) 



By Lemma |4. 11 the above equation only admits trivial solution which is a contradiction to v(0) > ^ 

Case 2.2 : ^ >• Co < oo. Set q^ = pi,i = 1, n — 1, q n = p n 

in B 51 ((Q',sSL))nRl with t> & (0',^) > ±, 



Then (14.7[) transforms to 



2v/T,. 



A n "<z„c^ fc + 2 ^ A| A m q„d m i> fe + £ a ij d ijV k 
n-l 

+ 4b%v k + b n d n v k + Xf^fiq, \~v k ) = 

i=i 

As is uniformly bounded, we may assume (|4.13p is satisfied in B S ' (0) H -fC. 

(a) :co > 0, by choosing 6 small enough, (|4.13[) is uniformly elliptic in Bs(0\cq), hence, 

\\v k \\ W 2,p(B s (o>,c )) < C => \\v k \\ c i,p {Bs(0 , tCo)) < C. 

(b) :co = 0, by Theorem 11.21 one can see that 



(4.13) 



\v k (0',^)-v k (0)\ < C 
Afc 



A,, 



Since — > as k — > oo, it follows that v k (0) > j for k large enough. Again by Theorem II .21 one 

can get v k (q) > ±, Vg G Bg(0) n i?^ for some <5 small. 

Therefor, by the above arguments, passing the limit k — > oo, one can get 



v(0,co) = limi> fe (0',^) > i co >0, 



1G 



or, 

v(q) > ^VgeB |(0) niCf,co=0 

and v satisfies 

A""(P) 9 „d> + h i:j (P)d lJ v + b n (P)d n v + h(P)v a = in R n + 

i,.J=l 

where A „„^p^ > § by t|1.6[> . By a rotating and a stretching of the coordinates, we have that 

q n d 2 n v + A„_ lW + W n v + v a = in Rl, a > b > | (4.14) 

Since a < ~jj|fj^ < n+2b-3 Lemma 1431 the above equation admits only trivial solution which 
is a contradiction. This completes the proof of Theorem 11.11 
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